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ABSTRACT. The differential equations of compartmental analysis form the basis of the models describing
the uptake of tracers used in imaging studies. Graphical analyses convert the model equations into linear plots,
the slopes of which represent measures of tracer binding. The graphical methods are not dependent upon a
particular model structure but the slopes can be related to combinations of the model parameters if a model
structure is assumed. The input required is uptake data from a region of interest vs time and an input function
that can either be plasma measurements or uptake data from a suitable reference region. Graphical methods
can be applied to both reversible and irreversibly binding tracers. They provide considerable ease of
computation compared to the optimization of individual model parameters in the solution of the differential
equations generally used to describe the binding of tracers. Conditions under which the graphical techniques
are applicable and some problems encountered in separating tracer delivery and binding are considered. Also
the effect of noise can introduce a bias in the distribution volume which is the slope of the graphical analysis
of reversible tracers. Smoothing techniques may minimize this problem and retain the model independence.
In any case graphical techniques can provide insight into the binding kinetics of tracers in a visual way. NUCL
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INTRODUCTION

Graphical analysis refers to the transformation of multiple time
measurements of plasma and tissue uptake data into a linear plot,
the slope of which is related to the number of available tracer
binding sites. This type of analysis allows easy comparisons
among experiments. No particular model structure is assumed
which can be an advantage in many cases since one model may
not describe equally well all data sets from the same region of
interest (ROI). It is assumed that the plasma concentrations of
unchanged tracer are monitored following tracer injection. The
requirement of plasma measurements can be eliminated in some
cases when a reference region is available. There are two
categories of graphical methods that apply to two general types of
ligands—those that bind reversibly during the scanning proce-
dure (14) and those that are irreversible or trapped during the
time of the scanning procedure (1, 11, 20, 21, 25, 26). This
distinction between reversible and irreversible depends on the
length of the experiment. A ligand might be reversible over a
period of many hours or days, but for the hour or so of the
experiment it could be considered irreversible. It is not always
possible to distinguish reversible from irreversible tracers from
uptake data alone.

Graphical analysis techniques have been applied extensively
to tracers used in neuroreceptor imaging, but their application is
not limited to these studies. The examples presented here are
taken from receptor studies in the brain, but the problems
illustrated will be relevant to other applications.

GRAPHICAL ANALYSIS OF REVERSIBLE LIGANDS

For reversible systems the form of the graphical analysis equation
can be derived from the compartmental equations describing
tracer accumulation in tissue (14, 21). For the two-tissue
compartment model shown below the compartment equations
are given in Eq. (1):

where C1 and C2 are concentrations (or radioactivities) for each
compartment at time t. The units of radioactivity used in the
examples presented in this paper are nCi/mL. The transfer constants
k2, k3, and k4, respectively, describe the efflux from tissue to
plasma; the specific binding of tracer to a receptor, transporter, or
enzyme; and the dissociation from that specific binding. The units
of these constants throughout this paper are min21. k3 is the
product of a bimolecular rate constant (pmol21 min21) and the
concentration of free receptor/enzyme (pmol) which is assumed to
be constant, although in experiments with changing neurotransmit-
ter levels it represents an average over the experiment. K1, which
is expressed in units of mL min21 mL21, describes transfer from
plasma to tissue and is a function of blood flow, capillary perme-
ability, and plasma protein binding. Cp is the plasma concentration
(nCi/mL) of the unchanged tracer. Using ROI(t) 5 C1 1 C2 1
VpCp, that is, the sum of radioactivities from all compartments in
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a given region of interest plus a contribution from the regional
blood volume Vp, Eq. (1) can be rearranged into Eq. (2):

E
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t

ROI~t9! dt9

ROI~t!
5 FK1

k2
S1 1

k3

k4
D 1 VpG

E
0

t

Cp~t9! dt
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1 int (2)

which is a linear form when the second term (int) on the right-hand
side of Eq. (2) is constant. The individual points are defined by the
scanning times t. The term int for the two-compartment model is
given by (neglecting Vp) Eq. (3):
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C2~t!
k4@C1~t! 1 C2~t!#

(3)

A plot of *0
t ROI(t9) dt9/ROI(t) versus *0

t Cp(t9) dt9/ROI(t) for
times t is linear after some time t*. The slope is the total tissue
distribution volume (DV) plus the plasma contribution. DV is
related to the number of unoccupied binding sites through k3 and is
expressed in units of mL mL21 (3). For a one-compartment model
DV is K1/k2, the ratio of transport constants. Although the effects
of blood flow, capillary permeability, and plasma protein binding are
implicitly included in K1 and k2, their ratio is not a function of
blood flow (15). Nonspecific binding is also included in k2 (3).

The condition for linearity of Eq. (2) is that the intercept (int) is

constant. For some time t . t9, the compartment concentrations
follow the plasma concentration so that (C1 1 C2) } Cp and C2

} Cp (the steady-state condition), which ensures that int is
constant since Cp cancels. In many cases the intercept becomes
constant even before (C1 1 C2)/Cp becomes constant so that the
graphical method can be applied before the steady-state condition
becomes valid, that is, for some time t* , t9. Consider the example
(simulated data) in Figure 1. ROIs with DVs of 45 thalamus (TH)
and 12 cerebellum (CB) (mL mL21) are illustrated. Figure 1b
illustrates the ratio of uptake for these two ROIs (TH/CB). The
increasing ratio indicates that the steady-state condition has not
been reached, at least not for the higher DV region. However, the
graphical analysis (Fig. 1c) is linear and gives the correct DV for
both ROIs. To understand why this occurs, consider the time
dependence of (C1 1 C2)/Cp compared to that of the intercept for
the two-tissue compartment model [contained in C2/(C1 1 C2) in
Eq. (3)]. The limiting value of the time-dependent portion of the
intercept is given by C2(t)/C1(t) 1 C2(t) 3 1/1 1 k4/k3. From
Table 1, the tissue-to-plasma ratio varies by more than 40% for
times from 35 min to 115 min, while the ratio C2/(C1 1 C2) varies
only by about 5% and is effectively constant at 35 to 40 min. Thus
the steady-state condition is not a requirement for the graphical
method to be valid. The intercepts from the graphical analysis for
one- and two-compartment models are 21/k2 and 2{(1/k2)(1 1
k3/k4) 1 1/[k4(1 1 k4/k3)]}, respectively. Estimates of K1 can be
made by taking the ratio of the slope to (2) the intercept. This will
be valid for the two-compartment model when the second term in
the intercept is small compared to the first.

Figure 2 illustrates simulated data with the same DV but with
very different kinetics. For the upper curve (Fig. 2a), the main
contribution to the DV is from the ratio of transport constants l 5
K1/k2, while for the lower curve the main contribution is from the
ratio of binding constants. The graphical analysis is illustrated in
Figure 2b. Both achieve linearity but with very different times t*,
which will affect the length of scanning time required to obtain an
accurate estimate of the DV. Since the graphical analysis depends
upon the integral of the tissue activity, it is not possible to eliminate
the early scans.

The distribution volume, which is related to the number of tracer
binding sites, has been found to be estimated with much higher
accuracy than individual model parameters (3). Furthermore, com-
parisons between DVs obtained from a nonlinear least squares

FIG. 1. (a) Simulated data; upper curve (TH) has a DV 5 45 mL mL21, lower curve (CB) DV 5 12 mL mL21. (b) Ratio of
uptake TH/CB. (c) Graphical analysis of data in (a).

TABLE 1. Comparison of the Ratio of Compartment
Concentrations* versus Time for the Data Shown in Figure
1a ({)

Time C2/(C1 1 C2) (C1 1 C2)/Cp

35 0.72 52
45 0.726 58
55 0.73 64
65 0.75 71
75 0.752 77
85 0.756 83

105 0.76 87
115 0.76 91

* Specifically bound compartment (C2) to total (C1 1 C2).
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(NLLSQ) fit to a particular model and the DVs determined
graphically have been found to be in good agreement, for example
data from [11C]raclopride positron emission tomography (PET)
studies in humans using ROI analysis (13). Koeppe et al. compared
the graphical analysis to compartmental analysis for (1)-a-[11C]-
dihydrotetrabenazine (DTBZ), which binds to the vesicular mono-
amine transporter, finding agreement within 5% for ROI data (13).
They also found that images constructed using the graphical
method and the weighted integral method were essentially
equivalent.

The total distribution volume contains within it effects of plasma
protein binding (K1) and nonspecific binding (15). The kinetic
constants for nonspecific binding are assumed to be sufficiently
rapid that it is always in a steady state (19) and is implicitly
included in model parameters. For example, the model parameter k3

is actually fNS k93 where fNS is the free fraction of tracer in tissue
(NS refers to the ratio of binding constants for nonspecific
binding). By taking the ratio of the DV from an ROI with a
significant number of binding sites to that of a reference region
(devoid of binding sites) we have the distribution volume ratio
(DVR) given by Eq. (4):

DVR 5

K1

k2
S1 1

k3

k4
D

K1
ref/k2

ref 5 1 1
k3

k4
(4)

if the ratio of transport constants (K1/k2) is the same in both
regions. In this case the dependence upon plasma protein binding is
removed, since K1/k2 } 1/fp, where fp is the tracer fraction not
bound to plasma proteins (3). The DVR is expressed in terms of the
ratio of binding constants (k3/k4), which is related to the binding
potential (19) but contains the effects of nonspecific binding.
Clearly it is important that the DVR be sufficiently greater than 1
so that it will contain information about tracer binding sites. We
have found reproducibility on test/retest is improved when the DVR
is used for comparison rather than the DV (23). It may be that the
effects of plasma protein binding are more variable than that of

nonspecific binding, and this contributes to improved reproducibil-
ity. Also the ratio would tend to cancel errors in the metabolite
correction to the plasma input function between experiments.

The DV and DVR have been used in many experiments in which
neurotransmitter levels are manipulated through pharmacological
intervention [for example (4)]. Although the free receptor concen-
tration is most likely not constant but changing in response to the
neurotransmitter pulse (or dip), the data can still be analyzed in
terms of the DV (or DVR) where the DV now represents an average
over the course of the experiment. Endres and Carson (6) have
performed simulations showing how the kinetic properties of tracers
determine the magnitude of change in the DV due to a variation in
neurotransmitter concentration.

DISTRIBUTION VOLUME RATIOS USING A
REFERENCE REGION (WITHOUT BLOOD SAMPLING)

The DVR can be calculated directly with the graphical method by
using data from a reference region [REF(t)] with an average
tissue-to-plasma efflux constant, k#2 (to approximate the plasma
integral) (17) [see Eq. (5)]:

E
0

T

REF~t! dt

REF~T!
5 l

E
0

T

Cp~t! dt

REF~T!
2

1
k2

REF where l 5 K1
REF/k2

REF

(5)

Solving for *0
T Cpdt and substituting in Eq. (2), replacing k2

REF with
k#2

REF, gives Eq. (6):

E
0

T

ROI~t! dt

ROI~t!
5 DVR 3E0

T

REF~t! dt 1 REF~T!/k# 2
REF

ROI~T!
4 1 int9

(6)

where int9 is int 1 d, d is the error term given by Eq. (7):

FIG. 2. (a) Both curves (simulated
data) have the same DV but very
different kinetics. The model pa-
rameters are given. (b) Graphical
analysis of the data in (a) indicating
a difference in t*, the initial time at
which the analysis becomes linear.
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d 5 DVR S 1
k2

REF 2
1

k2
REFD REF~T!

ROI~T!
(7)

(DVR 5 DV/l).
When (DVR/k2)REF(T)/ROI(T) is small and/or reasonably

constant, the term containing k2
REF in Eq. (6) can be neglected.

Figure 3 illustrates use of a reference region for [11C] raclopride
(k#2 5 0.16 min21). The upper curve is from an ROI in the basal
ganglia that contains specific binding sites. The lower curve is from
the cerebellum, which does not contain specific binding sites. There
is essentially no difference between the DVR calculated with k#2 5
16 min21 and with k#2 5 ` (DVR 5 3.53). Comparing the
reference DVR to that calculated from parameters determined from
an NLLSQ method (Table 2), we find the DVR greater for the
NLLSQ method due to the fact that the reference region has a
lower DV than that found by the graphical method. This is because
for this subject the one-compartment model for the reference region
(CB) underestimates the DV.

Another example of the DVR calculated from a reference region is
taken from a study with the dopamine transporter tracer [11C]-d-threo-
methylphenidate (24) (Fig. 4), which has a smaller value of k2 than

FIG. 3. (a) PET study with [11C]raclopride. The upper curve is an ROI from the basal ganglia (BG) and the lower curve is a
reference region from the cerebellum (CB). (b) Graphical analysis using CB as the reference region, k# 2 5 0.16 min21, DVR 5
3.52 mL mL21 (r 5 0.999, sum of squares of residuals 4.5).

FIG. 4. (a) PET study with [11C]d-threo-methylphenidate; BG (}) and CB ({). (b) Graphical analysis using a reference region
k# 2 5 0.05 min21, DVR 5 2.59 mL mL21 (r 5 0.998, sum of squares of residuals 7.4).

TABLE 2. Comparison of the DVs Computed Graphically
(GR) and by the NLLSQ Methods for the ROIs BG (}) and
CB ({) (Fig. 3a) for [11C]Raclopride

DVGR DVNLLSQ

BG 1.72 1.70
CB 0.484 0.437a

DVRGR 3.55
DVRNLLSQ 3.86
DVRREF 3.52

The DVR for both GR and NLLSQ methods are compared with the DVR
from a reference region (CB).
a NLLSQ underestimates radioactivity in CB with a one-compartment

model.
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raclopride. The DVR for methylphenidate is much more sensitive to
the value used for k#2

REF. From Table 3 with k#2 5 `, the DVR is 15%
less than that calculated by using blood data. Using the average
value of k2, the DVR is only 5% less. For comparison the graphical
and NLLSQ methods using the plasma input function give equiv-
alent results but somewhat higher than the reference method.

Ichise has proposed an alternative to Eq. (6), which is a
multilinear regression (12). This method appears to provide the
same results as Eq. (6) with k2

REF 5 ` (16).

GRAPHICAL ANALYSIS OF IRREVERSIBLE LIGANDS

Irreversibly binding ligands are essentially trapped for the time
course of the scanning procedure. In terms of the two-compartment
model pictured above, k4 5 0 so that tracer in C2 is trapped. Patlak
et al. (20, 21) have shown that the rate constant (Ki) for the
transfer of tracer from plasma to the irreversible compartment can
be calculated from Eq. (8):

ROI~T!

Cp~T!
5 Ki

E
0

T

Cp~t!dt

Cp~T!
1 ~Ve 1 Vp! (8)

which is linear for the times T . t9 when Ve, the distribution
volume of the reversible part (the ratio of the concentration in the
reversible compartment to plasma) is constant (for the two-
compartment model this is C1/Cp). An ROI from a study with
[11C]L deprenyl-D2 is illustrated in Figure 5a and the irreversible
graphical analysis in Figure 5b. L deprenyl is a suicide inhibitor of
the enzyme monoamine oxidase B (MAO B) (9). This example can
be used to illustrate some of the difficulties involved in analyzing
data from irreversibly binding ligands. The process of enzyme
inactivation is a multistep process: drug passes into tissue, forms a
complex with the enzyme from which an intermediate is produced,
ending in a labeled (inactivated) covalently modified enzyme. All
the individual rate constants cannot be separately identified since
the only measurement other than plasma is the total tissue radio-
activity. Enzyme inactivation is therefore represented in terms of
the two-compartment model (Figure 6) where k3 now represents a
composite of several steps in the inactivation process. This is
generally true of PET models (reversible or irreversible), that is, that
the processes are more complex than the models that can be used.
In terms of the two-compartment irreversible model, the influx
constant Ki can be expressed as seen in Eq. (9):

Ki 5
K1k3

k2 1 k3
5

K1lk3

K1 1 lk3
(9)

where k3 is the model parameter associated with the enzyme
concentration. We have expressed Ki in terms of two parameters,
K1, which represents the transport of ligand from plasma to tissue,
and the combination parameter lk3, which also contains the ratio
of transport constants (l 5 K1/k2 mL/mL). Although K1 and k2

are functions of blood flow, l is not. From Eq. (9) it can be seen that
Ki depends upon K1 (blood flow) as well as enzyme concentration
(contained in lk3). Only if k2 .. k3, so that Ki 3 lk3, is Ki
independent of blood flow. Therefore, to extract a parameter
independent of blood flow it is necessary to determine K1. lk3 can
then be determined from Eq. (9) giving:

TABLE 3. Comparison of the DVs Computed Graphically
(GR) and by the NLLSQ Methods for the ROIs BG (}) and
CB ({) (Figure 3a) for [11C]d-threo-Methylphenidate

DVGR DVNLLSQ

BG 27.7 27.9
CB 10.2 10.04

DVRGR 2.72
DVRNLLSQ 2.78
DVRREF 2.59

Variation in DVR with k2

k2 DVR

0.03 2.78
“True” k2 0.04 2.70
Average k2 0.05 2.59
Without k2 2.32

The DVR for both GR and NLLSQ methods are compared with the DVR
from a reference region (CB) using an average k2 (k#2). The variation of
DVRREF with k2 is also shown.

FIG. 5. (a) Regional uptake data from a PET study with [11C]L-deprenyl-D2, an irreversible MAO B inhibitor. (b) Graphical
analysis for irreversible ligands, Ki 5 0.12 mL min21 mL21 (r 5 0.999).
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lk3 5
K1Ki

K1 2 Ki
(10)

A second difficulty encountered in the analysis of data from
irreversible ligands is evident in Eq. (10) and that is that K1 must be
sufficiently greater than Ki that they can both be determined with some
confidence. Otherwise, if K1 ; Ki, which occurs when the trapping
constant k3 is much greater than K1 or when k2 ,, k3, the ligand is said
to be flow limited, which means that only one parameter can be
determine, K1, and no information can be obtained about enzyme
concentration. Figure 7 illustrates two uptake curves from [11C]L-
deprenylH2 and the deuterium-substituted deprenyl, [11C]L-depre-
nylD2, in the same subject. The difference between K1 and Ki is
significantly greater for the D2 compound than for the H2, 0.3, and
0.12 (mL mL21), respectively. In other regions of interest with higher

MAO B concentration, the H2 difference was found to be even
smaller. The sensitivity of H2 to differences in MAO B concentration
is much less than for the D2 ligand. This leads to greater variability in
model parameters regardless of the method of estimation. The substi-
tution of deuterium for hydrogen at the reactive site increased the
sensitivity by decreasing the rate of trapping. This is an example of the
kinetic isotope effect in which the increased mass of the atom involved
in the reaction slows the reaction rate (9).

The estimation of K1 can be made by an iterative nonlinear
method using the previously determined Ki (when Ki . 0) to
eliminate one parameter [Eq. (11)]

dC1

dt
5 K1Cp~t! 2 ~k2 1 k3!C1 5 K1Cp~t! 2

K1k3

Ki
C1

(11)
dC2

dt
5 k3C1

The number of parameters to be determined can be further reduced
by assuming a value for l and using Eq. (10) for k3. This leaves only
K1 to be determined, which can be accomplished in relatively few
iterations using only the first part of the uptake curve, which is more
sensitive to variations in K1. In the case of [11C]L-deprenyl, an
average estimate of l could be made from blocking studies (10),
although an estimate could also be made from regions with lower
concentrations of enzyme (binding sites).

Another alternative is to use a linearized form of the equations
[adapted from reference (2)] [Eq. (12)]:

ROI~T! 5 K1 E
0

T

Cp~t! dt 1 ~k2 1 k3! Z~T!

(12)

Z~T! 5 Ki E
0

T E
0

t

Cp~t9! dt9 dt 2 E
0

T

ROI~t! dt

where Z(T) can be calculated separately once Ki is determined
using the method of Patlak. K1 can then be calculated from a
bilinear regression. Only the early time points were used to solve for
K1 (T , 15 min). lk3 calculated by the NLLSQ method
(iteratively optimizing all three model parameters) was found to be
in good agreement with the value obtained using Ki and the
linearized equations above for ROI data from test/retest studies with
L-deprenyl-D2 (18). It was also found that there was less variability
in lk3 than in k3 so that the combination parameter like the DV is
more reliably estimated than the individual model parameter.

Dhawan et al. (5) have found that Ki for striatal 6-[18F]fluoro-
L-dopa (FDOPA) can be used to separate normals from Parkinson’s
patients at least as accurately as the model parameter k3, without
the necessity of determining K1. In the case of FDOPA, K1 is on
the order of 0.05 mL min21 mL as opposed to deprenyl for which K1

is quite large (;0.5 mL min21 mL21) and is clearly dominated by
blood flow. F or D deprenyl changes in blood flow that occur with
age could confound changes in MAO B, if not taken into account.
Such considerations depend upon the individual tracer.

Patlak et al. (21) have presented a version of the graphical
analysis for irreversible ligands that uses a reference region in place
of a measured plasma input function. The slope becomes Ki/(Ve9 1
Vp9), where Ve9 is the DV of the reference region and Vp9 is the
blood volume of the reference region.

Wong has used a graphical analysis for the estimation of model
parameters for the dopamine D2 ligand [11C]N-methylspiperone

FIG. 6. The accepted model for enzyme inactivation and the
two-tissue compartment model actually used for describing
the binding of L-deprenyl.

FIG. 7. Regional uptake for [11C]L-deprenyl-H2 ({) and
[11C]L-deprenyl-D2 (}) in the same individual. K1 is the same
for both [K1 (H2) 5 0.41 mL min21 mL21, K1 (D2) 5 0.42
mL min21 mL21]; therefore, the difference is due to the
trapping rate (k3), which is reduced in the D2 compound due
to the isotope effect. As a result the Ki for D2 is 0.12 mL
min21 mL21 and Ki for H2 is 0.29 mL min21 mL21. The
sensitivity of the D2 compound to changes in MAO B
concentration is much greater than that of deprenyl-H2.

666 J. Logan



(NMSP), which appears to bind irreversibly over the period of the
experiment. In the case of NMSP there are reference regions such
as the cerebellum without specific binding (25, 26). The analysis
equation [Eq. (13)]:

V~T! 5 au ~T! 1 b~1 2 e2u~T!/t! (13)

also uses the normalized time integral of plasma radioactivities
[Q 5 *0

T Cp(t) dt/Cp(T)) and the tissue plasma ratio [V(T)].
From the reference region, l is determined, as b when V(T) 5
REF(T)/Cp(T). The transition of V(T) versus Q(T) to a linear
phase at later times is determined by t. The model parameters k2

and k3 are determined from a, b, and t. K1 was assumed to be the
same for both reference region and the region of interest (25).
Wong also introduced a ratio index which is the plot of radioac-
tivity in a region of irreversible binding to that in the reference
region versus time (as opposed to the normalized time, Q). This was
found to be linear in the case of NMSP (27). Although this is a very
simple “graphical” method of analyzing irreversible data, the slope
will generally be a function of K1, except in special circumstances
(28).

Data that fall between being clearly reversible or irreversible with
respect to the 11C half-life, which limits PET studies to an hour or
so, present the greatest difficulty. An example of a tracer with a slow
dissociation is illustrated in Figure 8a (open circles) [model param-
eters K1 5 0.5 mL min21 mL21, k2 5 0.125, k3 5 0.2, k4 5
0.005 (min21), DV 5 164 mL mL21]. The reversible graphical
analysis yields an increasing DV, the slope 2 for 20 to 60 min is 140
and for 30 to 60, 150 (mL mL21). The irreversible analysis
illustrated in Figure 8b gives Ki 5 0.28, whereas if k4 5 0 the value
would be 0.31 mL min21 mL21. In both analyses the composite
model parameter associated with the slope is underestimated;
however, the irreversible slope (Ki) appears to be the more stable
measure. In the second case illustrated in Figure 8a (open diamonds;
model parameters K1 5 0.5 mL min21 mL21, k2 5 0.1, k3 5 0.5,
k4 5 0.08 min21) the DV is 318 (mL mL21). The large
contribution to the DV comes from k3 (either from a large binding
site concentration or a large rate constant). The irreversible analysis

is illustrated in Figure 8b. Although it also appears to give a good
linear fit, the value of Ki is 0.45 mL min21 mL, which is very close
to that of the K1. This means that there is almost no information
about the receptor/binding site concentration (the flow-limited
situation). To know that this is the case, it is necessary to estimate
K1. The reversible analysis gives the correct DV (316 mL mL21) for
times from 18 to 60 min. However, this is simulated data without
noise, and DVs of this magnitude would most likely be difficult to
estimate accurately from real data.

REMOVING THE BIAS IN PARAMETER ESTIMATES
FROM LINEAR METHODS

Although they present an advantage in ease of computation, the
linearized equations can introduce a bias in the case of noisy data,
since the error term at any given time point contains the error terms
at the earlier time points. For example, the linear form of the
one-tissue compartment model for scan times ti is [Eq. (14)]:

C~ti! 5 K1 E
0

ti

Cpdt 2 k2 E
0

ti

C1~t!dt 1 j i (14)

with the equation errors, ji, which are not statistically independent
(7). This may result in biased parameter estimates. To illustrate this
problem, the two-compartment model with parameters given in
Figure 9 (uptake illustrated by the solid line) was used to generate
500 data sets with random noise [an example is shown in Fig. 9 ({)].
The formula used for noise generation (Fig. 9) was chosen so that a
greater contribution of noise was included in the shorter earlier
scans, which is what is typically observed. The true DV is 12 mL
mL21. From Figure 10 the distribution of DVs determined using the
graphical (Fig. 10a) and nonlinear least squares methods (Fig. 10b)
are shown. The average DV from the graphical was 11.8 mL mL21

and from the NLLSQ method was 12.05 mL mL21. Although this
is actually a small difference, it does illustrate the trend that the
graphical method underestimates the DV in the presence of noise.
Furthermore, this underestimate increases as the DV increases (22).

FIG. 8. (a) Data generated from the two-tissue compartment model. Upper curve ({), DV 5 318 mL mL21 with K1 5 0.5 mL
min21 mL21, k2 5 0.1, k3 5 5.0, k4 5 0.08 (min21). Lower curve (E), DV 5 164 mL mL21 with K1 5 0.5 mL min21 mL21,
k2 5 0.125, k3 5 0.2, k4 5 0.005 (min21). (b) Irreversible analyses for the simulated tracer uptake in (a). Ki 5 0.28 mL min21

mL21 ({) and Ki 5 0.45 mL min21 mL21 (E).

Graphical Analysis of PET Data 667



To overcome the bias problem in the linear solution of compart-
mental equations, Feng and colleagues (7, 8) introduced a general-
ized least squares (GLS) method that removes the bias. The
one-compartment version of the GLS method is not difficult to
implement and provides an iterative method for determining two
parameters, K1 and k2. An initial estimate of k2 can be obtained
from an analysis of the noisy data either by solution of Eq. (14) or
by graphical analysis [21/intercept from the graphical analysis of

Eq. (2) provides an estimate of an effective k2]. No initial estimate
of K1 is required. Convergence requires only a few iterations.

If the data can be described adequately by a one-tissue compart-
ment model, then this method provides an easy way to estimate the
DV without the bias due to noise. It also offers a potential solution
for removing the noise in the graphical method. By applying the
GLS method for one compartment to the data in two parts (that is,
determine one set of parameters for times 0 to t1 and a second set
of parameters for t1 to the end), the simple one-compartment GLS
model can be made to describe data from more complex models, in
effect generating a smoothed data set. This is illustrated in Figure 11
for the data of Figure 9. In this case three parameters were used to
fit the first part of the curve. The third parameter was a small
constant value. The true averaged value is recovered when the
graphical analysis is applied to this “smoothed” data (Fig. 10b). The
GLS method has also been extended to multicompartment models,
which may also be useful in parameter estimation of noisy data (8).

CONCLUSIONS

Graphical methods provide a quick, visual way to obtain informa-
tion about the kinetics of tracer binding. In some cases these
methods can be used without blood sampling if a suitable reference
region is available. The reversible analysis requires scanning
throughout the study to characterize the tissue uptake curve, which
is necessary to evaluate the integral of the uptake. That graphical
methods do not require a particular model structure is advantageous,
since it is frequently the case that one model does not represent
equally well all data sets, thus leading to errors in the model
parameter or DV estimates. However, one problem with the
linear-type analyses is that they too can introduce a bias into
parameter estimates, particularly the reversible analysis for ligands
with large DVs. In the case of irreversibly binding ligands, it is in
some cases not sufficient to rely on a graphical analysis alone when
it is necessary to separate tracer delivery (blood flow) from binding.

FIG. 9. Data generated from the two-tissue compartment
model (DV 5 12 mL mL21) with K1 5 0.6 mL min21 mL21,
k2 5 0.2, k3 5 0.1, k4 5 0.033 (min21). The solid line
represents the data without random noise [ROI(t)], and the
symbols represent data generated with random noise
ROIN(t) 5 ROI(t) 1 dev where dev 5 (0.5 2 xx)sc=ROI(t)/
Dt, sc 5 15 (scale factor), and xx is a pseudorandom number
from 0 to 1. Dt is the scan length.

FIG. 10. (a) The distribution of DVs determined using the graphical method from simulated data with random noise (N 5
500). (b) The distribution of DVs determined by using the nonlinear least squares method of fitting four parameters to the
two-tissue compartment model.
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However, in these cases the graphical analyses can facilitate the
estimation of the important model parameters.
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Institutes of Health grant NS15380.
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